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Abstract 

In this paper we research the algebraic geometry of the representations 
of Lie algebras over fixed field k. We assume that this field is infinite and 
char (k) = 0. We consider the representations of Lie algebras as 2-sorted 
universal algebras. The representations of groups were considered by sim- 
ilar approach: as 2-sorted universal algebras - in [3] and [2]. The basic 
notions of the algebraic geometry of representations of Lie algebras we 
define similar to the basic notions of the algebraic geometry of represen- 
tations of groups (see [2]). We prove that if a field k has not nontrivial 
automorphisms then automorphic equivalence of representations of Lie al- 
gebras coincide with geometric equivalence. This result is similar to the 
result of [4], which was achieved for representations of groups. But we 
achieve our result by another method: by consideration of I-sorted ob- 
jects. We suppose that our method can be more perspective in the further 
researches. 



1 Introduction: representations of Lie algebras 
as 2-sorted universal algebras. 

In this paper we research the algebraic geometry of the representations of Lie 
algebras. 

We consider the Lie algebras over the field k. And we say that we have the 
representation of Lie algebra {L, V) if the elements of the Lie algebra L act on 
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the vector space V over the field k as Unear transformations and the mapping 
f : L — )• Endfe {V) which we define by f (l) (v) = I o v, where I € L, v € V, o is 
acting of the elements of the algebra L over elements of V, is a homomorphism 
from the Lie algebra L to the Lie algebra End^ (V) = endk (V). Some time 
we will omit the symbol o. In this paper we assume that k is infinite and 
char (k) = 0. 

We consider a rc!presc;ntation of Lie algebra as 2-sortcd universal algebra. 
Particularly the homomorphisms of representations we define by this definition: 

Definition 1.1 We say that we have a homomorphism {ip,ip) from the rep- 
resentation (Xi,Vi) to the representation (^2,^) if we have a homomorphism 
of Lie algebras <p : Li — >■ L2 and a linear map tp iVi ^ V2 such that 

(p (i) o (v) = {I o v) (1.1) 

holds for every I e Li and every v €Vi. 
We denote : (Li, Vi) ^ (^2,^2). 

It means that the field k is fixed in our considerations. But algebras Lie and 
theirs modules me can change and we can compare the algebraic geometry of 
representations {Li,Vi) and (1/2,16) such that Li ^ L2 and Vi ^ ¥2- There- 
fore the multiplication by scalars of the elements of the algebra Lie L and the 
elements of its module V we can consider as unary operations: for every scalar 
A e fc we have two unary operations. But the acting of the elements of the 
algebra Lie L over the elements of its module V we must consider as one binary 
2-sorted operation. 

If (</?, V') : {L, V) {P, Q) is a homomorphism of the representations, than 
ker is an ideal of the Lie algebra L, Vevxj} is a L-submodule of the L-module 
y, (ker(y9, ker-)/') is a representation and a congruence in (L, V). 

li H = {L,V) is a representation of Lie algebra and Ti C L, T2 C y we will 
denote (Ti, r2) C H. If also Pi C L, P2 C F we will denote (Ti, r2) n (Pi, P2) = 

(TinPi,T2nP2). 

2 Basic notions of the algebraic geometry of rep- 
resentations of Lie algebras. 

We denote by S the variety of the all representations of Lie algebras over the 
fixed field k. 

Definition 2.1 We say that the representation {L,V) is a free representa- 
tion with the pair of sets of the free generators {X, if X C L, Y C V and 
for every representation (P, U) every pair of mappings (p : X ^ P, ip : Y ^ U 
can by extended to homomorphism {(fi, ip) : {L, V) — >■ (P, U) . 

We will denote this representation hy W = W {X, Y). It is well known that 
W{X,Y) = {L{X),A{X)Y), where L{X) = L is the free Lie algebra with 
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the set X of free generators, A {X) is the free associative algebra with unit 
which has the set X of free generators, A{X)Y = @ A{X)y = V is the free 

A {X) module with the basis Y. In this notation the symbol o of the action is 
omitted. In particular, ii X = then L (X) = {0}, A{X) = k, ii Y = then 
A{X)Y = {0}, if X = {x} then L (X) = fc.x, A{X)^k [x]. 

X", will be infinite countable sets of symbols. We consider the category 
5°. ObSO = {W{X,Y) I \X\ < oo, |y| < oo,X C X°,Y C Y°}. Morphisms of 
this category arc homomorphisms of its objects. The category is a small 
category: 0b5° and MorE!° are sets. So we can tell about elements and subsets 
of ObS° and MorS°. 

We will take our equations from the representations W = W {X, Y) = 
{L{X),A{X)Y) e ObS". We have two sorts of equations: the equations in 
the Lie algebra - t\ & L {X) and the action type equations - t2 & A [X) Y. 
We can resolve our equations in arbitrary H = (L, V) E S. The homomor- 
phism {(p, tp) : W {X, Y) ^ H will be the solution of the equation ti E L {X) if 
(fi (ti) = and will be the solution of the equation & A {X) Y if tp (^2) = 0. 

We can consider the system of equations T ~ {Ti,T2), where Ti C i (X), 
T2 C A{X)Y. We can consider this system as a set T = Ti U T2 but it is 
not natural because the subsets Ti and T2 have different origins: Ti C L{X), 
T2 Q A {X) Y . So it is natural to consider the system of equations T ~ (Ti, T2) 
as a pair of sets. However for the sake of brevity we will some time write "the 
set (Ti,T2)". The set of solutions of the system (Ti,T2) in the representation 
H = {L,V) is 

{Ti,T2)'h = {{if, V-) G Horn {W {X, Y),H)\TiC ker ip, T2 C ker V} • 
Vice versa, for every set A c Horn {W {X, Y) , H) we can consider the set 

a'h=\ n n kcrv^i . 

This set will be the maximal system of equations, such that ^ is a subset of 
the set of its solutions. Also we can consider the algebraic closer of the system 
(Ti,T2): 

(ri,r2)^=[ fl ker^, fl kcrV^j = 

Pi ker<^, Pi \sxi\) 

i^(i^,i/i)eHom(W,i?),TiCkerv3,T2Ckeri/' (¥',-!/>)eHom(iy,fl'),TiCker(p,T2Cker'0 

It will be the maximal system of equations which have the same solutions as 

m,r2). 

It is clear that {Tx,T2) C (Ti,r2)'^ holds for every W(X,y) G ObS°, every 
(Ti, T2) C W (X, Y) and every if G S. 
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Definition 2.2 T/ie set (Ti, T2) C W{X,Y) is H- closed if {Ti,T2)h = {Ti,T2). 

It is clear that the closed sets are congruences. The family of the all i?-closed 
sets in the free representation W — W {X, Y) £ ObS° we denote by CIh {W). 

Definition 2.3 Hi,H2 G S. Hi,H2 are called geometrically equivalent if 

{Ti,T2)"h^ = (Ti,T2)^^ holds for every W {X,Y) e OhE° and every {Ti,T2) C 
W {X, Y). 

We consider Wi ^ W {Xi,Yi) ,W2 = W {X2,Y2) e OhE° and (ri,T2) some 
congruence in W2. We denote by /3 = /3^^ (Ti,T2) the following relation in 
Hom(W^i,W^2): (((^1, V'l) , ('/'2: V'2)) e /? if and only if (^1 (/) = </J2 (0 (modTi) 
holds for every I e i(-'^i) and ^"1 (w) = '02 (^) (modT2) holds for every v G 
A (Xi) Fi. This relation is a 2-sorted analog of the relation /? from [U Subsection 
3.3]. Now we define as in [U Subsection 3.4] 

Definition 2.4 Hi,H2 G S. Hi,H2 are called automorphically equivalent 

if these 3 conditions hold: 

1. There exists an automorphism $ : ^> 5*^. 

2. There exists a function a — a ($) such that a($)^y : C///j (W) — >■ 

(VF)) is a bijection for every W G ObS'^. 

3- ^ {Pw„w, (T^,T2)) = P^(w,)MW,) ^,7^2)) holds for every Wi,W2 G 

ObSO, and ewr?/ (Ti,r2) G C/ff^ (W^a)- 

Here $(((pi,Vi),(932,02)) = (<^i, ^1) , * (v^a, 02))- 

It can be proved as in [1, Proposition 8] that if Hi and H2 are automor- 
phically equivalent then function a is uniquely determined by automorphism 

3 Some facts about the closed congruences in 
the free representations of Lie algebras. 

In this Section we assume that Xi C X2 C X°, Yi C Fa C F", {L, V) ^ H eE. 
We denote (L (X,) , A (X,) Y,) = W {Xi, F,) = W,, where i = l,2. 

If (Ti,T2) C Wi, then, because Wi C W2, we can consider the sets 

(ri,r2)'^^_^ = {(<^,V') : -> i/ I Ti C kcr^,T2 C ker^-} 

and we will denote (^{Ti,T2)'yy, = (TijTa)'^. j^, where i = 1,2. We say 

that {Ti,T2) is i?-closed in if (Ti,T2)',^^ ^ = {Ti,T2). In ah other sections 
of this paper it is clear what kind of algebraic closer of the system of equations 
we consider. But in this Section we must fine distinguish between the different 
features. 
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Proposition 3.1 We assume that (Ti, T2) C W2, {fi, v) 6 (Ti n L (Xi) , T2 n ^ [Xi) Yi)'vi/^,^. 

We denote 



Then 



Pi ker^ nL(Xi), p| keri/' ) nA(Xi)Yi ) = (ker^,ker; 

,(.^,V)6[(m,'')] / \(¥>,V')e[(A':'')] 



holds. 



Proof. If ti e n ker(p n L (Xi), then (ti) = (ii) = for every 

If such that e [(a*,'^)]- If ^2 e n kerVj] n A(Xi)Yi, then 

V(¥',^)6[(M:t')] / 

(^2) — ip (h) = for every ip such that {(p, -0) € z^)]. 
If ti e ker/i, then ti & L (Xi), so (/? (ti) = {ti) ~ holds for every ip such 
that {^,ip) e [(a*, i^)]- If ^2 e kerz^, then i2 £ A{Xi)Yi, so ip (12) = v (12) = 
holds for every ip such that {(p,ilj) G [(/i, i^)]. ■ 

Proposition 3.2 //(Ti,T2) C *s H -closed, then 

(Ti, T2) n 1^1 - (Ti n L (Xi) , n A (Xi) 

is H -closed in Wi. 
Proof. 

(Ti,T2)';= fl ker(^, f| ker = (Ti, T2) . 

V(cp,^)e(Ti,T2)'„ (v,^)G(Ti,T2)^ / 

{T^nL{x,),T2r^A{x,)Y^)';^^,J = 

ker/i, ker:^ 

^(/i,f)e(TinL(Xi),T2nA(Xi)Yi)^^ (M,i')e(TinL(Xi),T2nA(Xi)yi)^^ 

We will consider {(p, ip) e (Ti, r2)'^. There exists only one z^) e Horn (PVi, _ff) 
such that (p^Xi — V'lri = ^\Yi- If G T^i H L(Xi), then = 

</?(ti) = 0, if ^2 e r2 n then iy{t2) = il}{t2) = 0. Hence {n,v) £ 

(Ti nL{Xi) ,T2nA{Xi) Yi)'^^^^. So by Proposition O 

Pi ker(p I nL(Xi), I Pi kerV' ) n A(Xi)yi I = (ker^,kerz/) 
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The set (Ti,T2)^ can by presented as union of the disjoint sets [{fj,,iy)], 
where z^) G llom{Wi, H) such that exists {(p,ip) & (Ti,T2)^, for which 
e holds. 

{TinLix,),T2nA{x,)Y,y;^^,,c 

\ 

ker /i, ker v 

(p,i')e(TinL(Xi),T2nA(Xi)yi)^, (Ai,i')G(TinL(Xi),T2nA(Xi)yi)'„, 

V 3(¥>.V)e(Ti,T2)i,|(v,^)6[(A',>')] 3(¥',^)e(Ti,T2)';:j|(¥>,^)e[(M,!^)] / 

Pi ker /i = 

i^) e (Ti ni ( JCi ) ,T2 ( Jfi ) Yi ) ^ , 
3(¥J,V)e(Ti,T2)'„|(v,V)e[(M,;')] 

fl n ker^ nL(Xi) 

(/i,i/)e(TinL(Xi),T2nA(Xi)yi)^, \ \(ip,^)e[(M,i^)] / 
a(vp,^)e(Ti.T2)i,|(v.^)6[(A',>')] 

Pi ker(^ j nL(Xi) =TinL(Xi). 

^(¥.»e(Ti,T2)^ / 

P ker 1/ = 

e (Ti nL(Xi ) ,T2nA(Xi ) Yi , 

3(¥>,^)6(Ti,T2)'„|(ip.V')e[(M,'^)] 

fl (( n ker^j nA(Xi)Fi) = 

3(v,V)G(Ti,T2);,|(¥>»6[(/x,i/)] 

Pi ker n a (Xi) Fl = T2 n A (Xi) Fl. 

^(¥>,^)G(Ti,T2)'„ / 

■ 

Proposition 3.3 //(Ti,T2) C Wi is H -closed in Wi, then 

Proof. In {Ti,T2)'y^^^H = G Honi(W^2,^f) | ker(^ D Ti,kerV' D T2} we 

can define equivalence: [tpi, V'l) ~ ('/52; V'2) if ^-^^d only if V'liXi = V2|Xii V'i|Fi = 
■021^1 • As in the proof of Proposition l3.21 for every class of this equivalence there 
exist only one (/i, J^) G {Ti,T2)'y^,_^ ^ such that this class coincide with [(/i, j/)]. 
Vice versa, for every v) G (Ti, r2)i4'j h there exist only one class of elements 
of the set (Ti, T2)'^^ u, which coincide with [(/i, v)]. 

{Ti,T2)'l^^^H^W{X,,Y,) = 
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fl ker(^ nL(Xi), fl kerV- I nA(Xi)yi 

^(■^,V)G(Ti,T2)'„^^ / \(v,'/')e(Ti,T2)'jy^ 

By Proposition 13. II we have 

Pi keT(p \ DLiXi) = 

fl n kery. ni(Xi) 

a<,i/)e(Ti,T2)'„.^ \ \(¥',^)e[(M,!^)] / 

fl ker^^Ti. 

fl (in ker^ j nA(Xi)yi 

(M,i^)e(Ti,T2)'^^-^ \ \(¥',^)e[(M,i^)] / 

Pi kerzy^Ta. 



Theorem 3.1 If{Li,Vi) = Hi,{L2,V2) = H2 e E andClH^ (VK2) = CIh^ (1^2), 
tten C«//i (VKi) = CZh2 (M/^i). 

Proof. We consider (Ti,T2) G CT^, (VFi). By Proposition [331 (Ti, Tj) = 
(T^T^y^^^ j,^ n W^i. {Ti,T2)';^,^^H^ e CTh, (14^2) = C'Ih2 (^^2). Therefore, by 
Proposition!!! (^i, Ts)';,^ n M^i = (Ti,T2) G CT^, (Vl^i). ■ 



4 Representations of Lie algebras and Lie alge- 
bras with projection-derivation. 

It is well known that if we have a representation of the Lie algebra (L, V) then 
in the fc-linear space M = L (BV we can define the structure of Lie algebra if 
we define the new Lie brackets by this formula 

[h +Vi,l2 +V2]m = [hj2] + I1OV2-I2 °Vi, (4.1) 

where /i, Z2 G L, vi,V2 G V. 
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We will denote by p the projection of M on the linear subspace V. p{l + v) = 
V for every I € L, v € V. We have 

P[ll + Vi,l2 + V2]m =P{[h,l2] +I1OV2-I2O Vi) = h O V2 - I2 O Vi, 

\p {h + Vi) , h + V2\m + [h +Vi,p{l2+ V2)\m = 
[Vi,l2 +V2]m + [h +Ui,V2\m = -I2 OUi +^1 Ot;2 

for every l\,l2 S L, V\,V2 S V. Therefore in the new Lie algebra p will be a 
derivation. We call these algebras: Lie algebras with projection-derivation and 

denote {M,p). 

Vice versa, if we assume that we have a Lie algebra with projection-derivation 
{M,p) then we have the decomposition of the fc-linear space M = kerp © imp. 
If we denote kerp = L, imp = V, then we can prove this proposition: 

Proposition 4.1 If we consider L with the Lie brackets inducted from M then 
L is a Lie algebra. If we define 

lov=[l,v] (4.2) 

for every I G L and every v € V then {L, V) is a representations of the Lie 
algebra L over the linear space V. 

Proof. If h,l2 € kerp then p[li,l2] = \p{h) ,12] + [^1,^(^2)] = 0, so L = kerp 
is a Lie algebra. 

If I G kerp, V G imp then p [Z, = [p (l) ,v] + [l,p (v)] = [l,v], so [l,v\ = lov G 
imp. 

If l\,l2 G kerp, V G imp then 

[h, k]ov = [[hM] M = - [h, v] , h] - [[v, h] , I2] = 

[h, [I2, v]] - [I2, [h,v]] = lio {I2 ov)-l20 {h ° v) . 

Also we have for vi,V2 G imp then p[vi,V2] = \p{vi) , V2] + [vi,p{v2)] = [vi ,V2] + 
[vi,V2]. char{k) ^ 2, so [wi,t'2] G imp, p[vi,V2] = [vi,V2] and [t;i,U2] = 0. 
Therefore (L, V) is a representation of the Lie algebra L over the linear space 
V. m 

Proposition 4.2 We assume that {f,tp) : {Li,Vi) — ?■ (^2,^2) is a homomor- 
phism of representations. Then f = ip (B ■ {Li (B Vi,pvi) ~^ (-^2 © V2,PV2)! 
which define by formula f {I + v) = ip (I) + ijj {v) for every I G Li, v € Vi 
is a homomorphism of the Lie algebras with projection-derivation and ker/ = 
ker ip (B ker ijj . Vice versa, if f : (Mi,pi) — >■ (M2,P2) is a homomorphism of the 
Lie algebras with projection-derivation then (r'2/Ki,P2/ti) : (kerpi,impi) — > 
(kerp2, imp2), where r2 = idM2 ^ P2 and ki : kerpi Mi, li : impi ^ Mi are 
embeddings, is a homomorphism of the representations of the Lie algebras and 
kerr2fKi = ker / n kerpi, kerp2/t.i = ker / fl impi. 
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Proof. For the sake of brevity hear and in other proves we denote the various Lie 
brackets, projections and embeddings by similar symbols. It should not cause 
confusion because we not cause confusion when, for example, in the various 
groups denote multiplication, taking the inverse element and unit by similar 
symbols. 

If (<p, V') '■ (-^15^1) — >■ (^2,^2) is a homomorphism of representations then 
f = (B tjj is a, linear mapping. If Zi , Z2 G ii , wi , U2 € Vi then 

f[h +^1,^2 + ^^2] = f{[h,l2\ + hov2- hovi) = 

if [ll,l2]+i){llOV2)--lp {h O Vi) = [ip (h) ,ip{l2)]+(p{ll)o^p {v2)-(p{l2)oip {vi) ■ 
[f {h +Vl),f {I2 + V2)] = [ip ih) + ^ (vi) , ip ih) + ^ {V2)] = 

[if {h) , ip {h)] + ^ ih) o {V2) - f {h) o tp {vi) . 
If I € Li, V G Vi then 

fp{l + v)^fiv)^ijiv), 

pf{l + v)=p {p (0 + ^ (v)) = ^iv). 

So / is a homomorphism of the Lie algebras with projection-derivation. 

It is clear that ker/ Z) keY(p ® kertp. If I G Li, v G Vi and f {I + v) = 
(p{l) + i> (v) = 0, then, because ip (l) G L2, i> (v) e V2, ip (l) = 0, ip {v) = 0. So 
ker / = ker (p © ker ijj. 

Now we assume that / : (Mi,pi) — > (M2,P2) is a homomorphism of the 
Lie algebras with projection-derivation, pr = p {id — p) = p — p^ = 0, so 
rfK : keip — >■ ker p. Also is clear that pfi : imp imp. 

It is clear that rfK and pft are linear mappings. For every I G kerp we have 
Pf (0 = fP (0 = 0- we have for every /i, Z2 G kerp 

rfK [h,l2] = r [f ih) , / (^2)] = (id - p) [f {h),f ih)] = 

[f ih) , f ih)] - [pf ih) , f ih)] - [f ih) ,pf ih)] - [,/ ih) , / (^2)] . 
[rfK ih) , rfK ih)] = [iid -p)f ih) , itd -p)f ih)] = 
[f ih) , f ih)] - [pf ih) , f ih)] - [f ih) ,pf ih)] + [pf ih) ,pf ih)] = 

[f{h)Jih)]. 

So rfK is a homomorphism of the Lie algebras. If I G kerp, v G imp, then 

rfKil)opfLiv) = [rf il),pfiv)] = 

[f (/) ,pf iv)] - [pf il) ,pf iv)] = [f il) ,pf iv)] . 
pfiilov)=pf [l,v]=p[fil),fiv)] = 

[pf (0 , / («)] + [/ (0 ,P/ {v)] = [f (0 ,pf iv)] ■ 
So irfK^pfb) is a homomorphism of the representations of the Lie algebras. 
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It is clear that ker / n kerp C kerr/K. If I € kerp and rfn {I) = then 
I = r{l) and / [1) = fr {I) = rfn (1) = 0. So keirfK = ker /nkerj?. Analogously 
kevpfi = ker / D imp. ■ 

Wc denote by O the variety of all Lie algebras with projection-derivation. 
The elements of this variety are Lie algebras with all operations and axioms 
of Lie algebras and with one additional unary operation: projection p, which 
fulfills two axioms of linear map and two additional axioms: 

1. p {p (m)) = p (m) holds for every m e M, 

2. p [mi, 7712] = [p {ttii) , 1712] + [mi, p (7722)] holds for every mi,m2 S M, 
where M e 6. 

We can consider the varieties S and 6 as categories. The objects of these 
categories are universal algebras from these varieties and morphisms are homo- 
morphisms. We have a functor : S — )> 0, such that 

J^{L,V) = {L(BV,pv) 

for {L, V) e ObS, 

J^{{ip, ^) : (Li, Vi) ^ (L2, ^2)) = V © : {Li © Vi,pv,) ^ (^2 © V2,Pv^) 

for {tf, ip) G MorS. 

Also we have a functor J^~^ : 9 — >■ S, such that 

J^~^ {M,p) = (kerp, imp) 

for (M,p) e Obe, 

J^~^ (/ : (Mi,pi) (M2,P2)) = {rfn,pfi) : (kerpi,impi) ^ (kerp2,imp2) 
for / G More. 

It is easy to check that TT~^ = ide, 7~^T = ids so these functors are 
isomorphisms of categories. 

Theorem 4.1 If {F,p) — F (mi, . . . , m„) is a free Lie algebras with projection- 
derivation with free generators {mi, . . . , m,„} then {F,p) = {L, V) is a free 
representation with the pair of sets of the free generators {X, Y}, where X = 
{r (mi) , . . . ,r (m„)} andY = {p (mi) , . . . ,p (m„)}. 

Proof. It is clear that X C kerp, Y C imp. We will consider an arbitrary 
{Q, U) e S. We assume that we have 2 mappings: 

(y? : {r (mi) , . . . , r (m„)} 9 r (m,) qi £ Q 

and 

ip : {p(mi),...,p(m„)} 3p{mi) -^UiGU. 
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So we have a mapping 

/ : {mi, . . . , m„} 9 mj + Uj = </3r (mj) + tpp {rrn) &Q®U. 

Hence, by our assumption about {F,p), this mapping can be extended to the 
homomorphism 

f:{F,p)^J^{Q,U) = {Q(BU,pu). 
So there is a homomorphism 

J"-' if) = {rfK,pfi) : = (kerp,imp) ^ (Q, U) . 

rfn (r (mj)) = {rf f (mj) = r {tpr {mi) + # (mj)) = tpr {rrii) , 

pfi {p (mi)) = p {ifr {mi) + {mi)) = i)p {mi) 

holds for 1 < i < n, because ipr {mi) G Q, tl)p {mi) gU. u 
We will denote 

E' = {W{X,Y)€OhE^ I |X| = |y|}. 

Theorem 4.2 If W = {L,V) = (^i . . . , a;„) , A (xi, . . . , x„) y,^ G S' 

then {W) = {F,p) is a free Lie algebra with projection-derivation which has 
n free generators mi = Xi + pi, 1 < i < n. 

Proof. For 1 < i < n we have that Xi & L,yi & V, so rrij = Xi+yi £ F = L(BV. 
We will consider an arbitrary {N,p) G Q. We assume that we have a mapping 

/ : {mi ,m„} B mi ^ Hi G N. 

We will construct two other mappings 

if : {xi, . . . ,Xn} 5 Xi r (rij) e kerp C N 

and 

lb : {yi,. . . ,yn} B Vi ^ p (rii) € imp C N. 

By our assumption about {L, V), these mappings can be extended to the homo- 
morphism 

{<p,iP) : {L, V) ^ J^-' {N,p) = (kerp,imp) . 
So there is a homomorphism 

J- {if, V) = (<p e V) : ^ {L, V) = {F, p) ^ {N, p) . 

{(fi © ip) (mj) ^ {ip®Tp) {xi + yi) = ifi {xi) + tp {yi) = 
r (n^) + p (ui) =ni = f {mi) 
holds for 1 < z < n, because Xi G L, yi G V. ■ 
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5 Automorphisms of the category and of the 
category G'^. 

If we have a category ^, which objects are universal algebras and morphisms 
are homomorphism, then automorphism $ of this category transform the ho- 
momorphism idA S Mor^, where A S Ob^, to homomorphism ic?$(^), because 
homomorphism id a uniquely defined by its "algebraic" property: idA is a unit 
of the semigroup EndA. Therefore if A, B G ObJ^, A = B, ^ e AutJ? then 
$(^) ^^{B). 

Theorem 5.1 The category has 2-sorted IBN propriety: if W {Xi^Yi) , 
W{X2,Y2) e ObSO and W {Xi.Yi) ^ W{X2,Y2), then \Xi\ = [Xz] and 
\Yi\^\Y2\. 

Proof. We consider W {X,Y) = {L{X) ,A{X)Y) = {L.,V) £ OhE^. L/L^ is 
a A:- linear space and dim L/L^ = l-^'^l- 

In the associative algebra A {X) we will consider {L) - two-sided ideal gen- 
erated by the set L — L{X) C A{X). This ideal coincide with {X) - two- 
sided ideal generated by the set X, because L is a subset of the associa- 
tive subalgebra without unit, generated by the set X. In the A (X)-module 
V — A {X) Y we will consider submodule {L) V = Spauj. {av \ a S (i) ,v eV) ^ 
(X)V. dimt//(X)F = diml//(L)F= 

We assume that we have two objects of : W {Xi , Yi ) = (i (Xi ) , A (Xi ) li ) = 
(Li, Fi) and W iX2,Y2) = [L (X2) , A {X2) Y2) = {L2, V2) - and there is an iso- 
morphism ((/?, V') ■ ~^ (-^2,^2). It means that kp : L\ ^ L2 is> an 
isomorphism and Li/L\ = L2/L2, so \Xi\ = \X2\. 

By (jl.ip we have that : Vi — ;> V2 is an isomorphism of the Li-modules, 
when acting of Li over V2 defined hy lov = ip {I) v, where I € Li, v G V2. A (Xi) 
and A {X2) are universal enveloped algebras of Li and L2 respectively. Therefore 
the isomorphism tp : Li ^ L2 can be extended to the isomorphism of algebras 
with unit (p : A{Xi) A{X2). A{Xi) is generated as algebra with unit by 
elements of Li, so ip is also an isomorphism of the A (Xi)-modules. Therefore 
there is an isomorphism of A (Xi)-modules Vi/ (Li) Vi = V2/ {L2) V2, because 
V; ((Li) Vi) = (L2) V2. So dimFi/ (Li) Vi ^ dimFj/ (^2) V2 and \Yi\ = \Y2\. ■ 

By this Theorem we have that if W {Xi,Yi) ,W (X2,Y2) € OhE°, \Xi\ = 
\X2l \Yi\ = \Y2\, $ e AutS", <i> {W {Xi,Yi)) = W{X3,Y3), <i> {W {X2,Y2)) = 
W{Xi,Yi) then {X^l = {X^l {Y^l = \Yi\. 

This is a well-known 

Definition 5.1 We consider a category J? and the family of objects {Ai}j^^j C 
OhA. The pair {Q G OhK, {r|^ : A^ -> Q}^^i C Mor^ft) called coproduct of{Ai}^^j 
if for every B G Ob^ft and every {ai : Ai — >■ B}^^j C Mor^S there exists only one 
a : Q ^ B £ Mor^ft such that — arj^. 

We denote Q ^ W Ai. It is clear that if Q ]J A^, $ G AutJ? then 

4>(Q)= U$(A,). 
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It is easy to check that if W (Xi,Yi) , W (X2, Y2) G ObS" then W (Xi, Fi) U 
W^(X2,F2) = W^(X3,i"3), where IX3I = \X^\ + \X2l \Y^\ = 1^1 + 1^21. Of course, 
homomorphisms 77 j : W {Xi, Yi) ^ W (X3, 13), i = 1,2, must by constructed by 
suitable way. 

Similar to [31 we define 

Definition 5.2 We say that the free representation W {X^Y) is a cyclic if 
X = {x},Y^{v}. 

Proposition 5.1 If {L,V) € ObS° is a cyclic representation, $ G AutS*^ then 
^ {L,V) is also a cyclic representation. 

Proof. We consider arbitrary $ G AutS°. We take x G X''\ y G 
$ {kx, {0}) = W (Xi, Fi), $ ({0} ,ky)^W (X2, Y2). Also there exist W {X3, Y3), 
W{X4,Y4) G ObSO, such that $ (1^ (ATg, Fg)) ^ (A:a;,{0}), $(W^(X4,i4)) = 
{{0},ky). We denote |Xi| = a^, \Yi\ = 6^, i = 1,...,4. We have that 

W(X3,0)= IJ (fcx„{0}), 14^(0,^3)= IJ ({0},fcy,), wherea:, gX", gFO. 
(X3, Fa) = W (X3, 0) U (0, Y3) - l^fj (fca:,, {0}) j U |^JJ ({0} , fcy,)^ , 
$ (X3, Fa)) = ( 11 * (kx^, {0}) ) U ( [J $ ({0} , ky,)] . 



^{kx,,{0}) ^ WiXi^Yi), $({0},%) ^ 14^(^2, F2), so U*(fca;.,{0}) = 

1=1 

W (X5, Fs), such that IX5I = a3ai, 1^1 = ^3^1 and U $ ({0} , ky,) = W (Xg, Fg), 

such that \Xe\ = 6302, [Fgl = 63^>2. Therefore $ (W^ (^3, ^^3)) = 1^(X7,F7), 
where IX7I = 0301 + 6302, IF7I = a3foi + 63^2- But $ (M^(X3,F3)) = (kx, {0}), 
therefore 

0301 + ^302 = 1 (5.1) 
0361 + 63^'2 = 0. (5.2) 
By consideration of $ {W {X4, F4)) we conclude by similar way, that 

a4ai + 6402 = (5.3) 

0461 + 6462 = 1 (5.4) 

Uijbi G N, so from (|5.2p we conclude 0361 = and 6362 = 0. If 03 = 0, then by 
(|5.ip we have 6302 = 1 and 63 = 1, 02 = 1. So 62 = and from (|5.4p 04 = 1, 
61 = 1. After this we conclude from (|5.3p that ai = 0, 64 = 0. In this case 
$ {kx, {0}) = ({0} , ky'), $ ({0} , ky) = {kx' , {0}), where x' G X°, y' G Y°. So 

$ (fcx, fcy) = $ ((fcx, {0}) U ({0} , ky)) = $ {kx, {0}) U $ ({0} , ky) ^ 
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m,ky')Uikx',{0})^{kx',k[x'] y'). 

Now we will resolve the system (|5.ip - (|5.4p in the case &i = 0. In this 
case we conclude from (|5.4p that 64 = 1, 62 = 1- From (|5.3I) we conclude that 
a2 = 0, from (|5.2p - 63 = 0. After this we conclude from (|5.ip that 03 = 1, 
ai = 1. So by ([O]) we have 04 = 0. In this case ^{kx,{0}) = (fca;",{0}), 
$ ({0} , ky) = ({0} , ky"), where a;" e y" e yo. So 

$ {kx, ky) = $ ((fca;, {0}) U ({0} , ky)) = $ (fca;, {0}) U $ ({0} , fcy) = 

{kx'\{0})um,ky") = {kx",k[x"]y"). 



Corollary 1 //$ £ AutS^, t/ien $ (S') = S'. 
Proof. 

Cn \ n 

L{xi,...,Xn),^A{xi,... [xi] Vi) , 

i=l / i=l 

where {xi, . . . , x„} C Xq, . . . , y„} C Yq, fulfills, so if W {X, Y) e ObS° and 
\X\ = \Y\=n>0 then $ (VK {X, Y)) = 1^ (X', Y') and = = ?i. 

Now we need only consider the case X = Y = . We assume that $ ({0} , {0}) — 
W {X, Y), where \X\ = a, \Y\ = b. 

({0},{0})U({0},{0}) = ({0},{0}) 

so 

* ({0} , {0}) = $ ({0} , {0})U<1> ({0} , {0}) = W (X, Y)UW {X, Y)^W (Xi, Fi) , 

where \Xi\ = 2a, \Yi\ — 2b. So a — 2a and b — 2b, hence = 6 = and 
<E'({0},{0}) = ({0},{0}). . 

In the category 8 we can consider subcategory 0°. We take a infinite count- 
able sets of symbols Af". The objects of 0" will be the free algebras in 9 with 
the set of free generators M such that M C M°, \M\ < 00. We will denote 
these algebras by F (M) . The morphisms of 9° will be the homomorphisms of 
these algebras. 

By usingof theTheorems|4T]and|421-7^(S') = Obe° and J-^ (Obe°) = S', 
so, by Corollary [T] from the Proposition 15. II we prove the 

Theorem 5.2 //$ e AutS° then J"$|h,J"-i e AutO". 
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6 Automorphic equivalence in the variety E and 
in the variety G. 

Proposition 6.1 //(Ti,r2) C W ^ W {X,Y) e E' , H = {L,V) G E, {Ti,T2) 
is an H-closed congruence, thenTi(BT2 'ZJ-{W{X,Y)) is an T (H)- closed con- 
gruence. IfT C F (M) G 0b6°, N = {N,p) £ 6, T is an N-closed congruence, 
then (T fl kerp, T n imp) C J-'^^ {F (M)) is an J-^^ {N)-closed congruence. The 
mappings 

^w,H ■■ CIh {W) 3 {Ti,T2) -^Ti®T2e Ch^H) {J'iW)) 

and 

J'fWn ■■ CIn {F (M)) 3 T ^ (T n kerp, T n imp) G CI^-i^n) (-^"' (F (M))) 
are bijections. 

Proof. If G {Ti,T2)'h, then by Proposition 

ker J"(</7, V') = ker((/?©-0) = kerip^kert/j D Ti ©T2, 

so 

t{{t,,T2)'h) = {/ = (/.©^ I g (ri,r2);,} c {t, ® T2)'^^h) ■ 

We will consider ^ + u G (Ti ® T2)'^(^fj-^ — H ker/, where I G kerp, 

V G imp. ^ + w G n ker {ip © ?/;) holds, so for every (</3, -0) G (Ti,T2)'u 

we have {ip (B ^j) {I + v) = ip (1) + 11; {v) = 0. ip (l) G kerp, ^ (u) G imp, so ip (l) = 

0, V (w) = 0. Hence I e f] kei p = Ti, v e f] kerVj = T2. 

{f,i>)e{Ti,T2Y„ (y,V')e(Ti,T2)^ 

Therefore / + w G Ti © T2 and (Ti © T2)'^(^h-^ C Ti © r2. It means that Ti © T2 
is an JT )-closed congruence. 

If / G then J^~^ (f) = {rfK,pfi) and by Proposition 14.21 keirfK = 
ker / n kerp D T n kerp, kerp/t — ker / n imp D T Cl imp holds. So [rfn^pfi) G 
(T n kerp, T n imp)^_i(^) and J-^ (Tj^,) C (T n kerp, T n imp)^_i(^). There- 
fore 

(T n kerp, rn imp)^_i(^j C Q kerr/K, Q kerp/i 

Pi (ker / n kerp) , Q (ker / n imp) 
Pi ker/ nkcrp, Q ker/ n imp = (T n kerp, T n imp) , 
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so (T n kerp, T n imp) is an ^ (A^)-closed congruence. 

If (ri,T2) e C/ff {W) and T Ti © Ta C J^(W^), then Ti = T D kerp, 
T2 = T n imp, so J'vK.H = idcijj(w)- 

If A^i = (A^i,pi) , A^2 = (^2,^2) e and / : A^i A^2 is a homomorphism 
then ker/ is p-invariant. So, T e CIm {F {M)) is also p-invariant and T = 
(Tnkerp) ® (Tnimp). Therefore J>-i(F(Af)),.F-i(JV)-^F(M),Ar = idci^{F{M))- 
■ 

If Fi = F{Mi),F2 = F{M2) € Ohe° and T is a congruence in F2 then 
/^Fi F2 (^) ^^^^ ^ relation in Horn (i^i, F2) which we define as in [I] Subsection 
3.3]': (/i, /2) e (T) if and only if A (n) = ^ (n) (modT) holds for every 

n e Fi. 

Proposition 6.2 IfWi = W (Xi, Yi) ,W2=W (X2, Y2) G 5', G E, {Ti,T2) G 
F{Mi),F2 = F (M2) G Obeo, TV = (Ar,p) G 6, T G CTjv (^^2) thenJ^-^ {Pp^^p^ (T)) = 

/3.F-i(Fi),jr-i(F2) (-^Fa^AT (^)) ■ 

Proof. .F(W^,) = (L(X,) © A(X,)r.,P|A(x.)y.) where z = 1,2. J-^^.j? {Ti,T2) = 

Ti©T2 C L(X2)©A(X2)y2 =^(VF2). If (((^i,Vl),('^2>2)) & Pw„W, ^.^^2) 

then [l) = (0 (modTi) holds for every I G L {X\) and V'l (w) = i>2 (^) (modTa) 
holds for every v G A(Xi)yi. T^ip,,^^) = © G Horn ( J" (W^i) , (W'a)) 
where i — 1,2. For every n G J-'(Wi) we have n — I + v, where I G L{Xi), 
veA {Xi)Yi. So ((^1 © Vi) (") = ^1 (O+V'i (w) = (^2 (O+V'2 («) (modTi © Ta), 
<P2 (0 + V'2 C^') = ("^2 ® V'2) ("-) and 

(J"((^l,V'l),-7^(<^2,V'2)) € /3.FW),-^(W2) (^1 ffi'?2). 

We assume that (/i, A) G ^(m/^) (Ti © T2). (/,) = (r/,K,p/,t) G 

Hom (VFi, VF2) where i = 1, 2. If / G L (Xi) then /i (0 - /2 (0 G Ti © Ta and 
r/iK (Z) — r/2K (Z) G Ti. Analogously we have p/it (w) — p/2i (f ) G T2 for every 
WGA(X2)r2, so 

(/i) , (/2)) = {{rfiK,phi) , (r/2K,p/2i)) e (Ti,T2) . 

Therefore 

J^{l^Wi..W2 (^11^2)) = /3.F(Wi),.F(W2) (J^W2,H {Ti,T2)) . 

From this fact and from proving of Proposition 16.11 we can conclude that 

•^"^ (/^Fi,F2 (^)) = /^.F-i(Fi),.?-i(F2) (-^Fa^TV (^)) ■ 



Theorem 6.1 If Hi = (Li,T/i),-ff2 = (-^2,^2) G ^ are automorphically equiv- 
alent then Ni = F (Hi) ,N2 = J- {H2) are automorphically equivalent. 
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Proof. We have an automorphism $ G AutS" and the system of bijections 
a : CIh^ {W) -J- CIh^ {W)) for every W G ObSO. Also the equation 

holds for every Wi, W2 G ObS", and every {Ti.T^) G CIr^ {W2). 

By Proposition 15.21 there is an automorphism = G Aut9°. By 

Proposition 16.11 the mapping: 

a {^)p = F^^-^p-)^H,a ) -F^^Jvi : <^'wi ^ ^^JV^ (* (^^)) 

is a bijection for every F G 0b8°. By Proposition l6.2l we have for every Fi, F2 G 
Obe°, and every T e CIn^ (^Ij) that 

* (/3f„f. (T^)) = ^<^^-' (/3f„f. (I^)) = (/3^-i(f,),^-i(F.) (-^F.!iv, (r))) = 

•^(/^*.F-i(Fi),*.F-i(F2) ("(*).F-i(F2) {^F2,Nr (^)) ) ) = 

/3j^<I>J^-i(Fi),.F*J^-i(F2) (•^*JP-H-F2),H2 0^ (*)jF-i(F2) (-^ F2!wi (-^0) ^ 
/3*(Fi),*(F2) ("(*)f2 (^)) ■ 



7 Automorphisms of the category of the finitely 
generated free algebras of the some variety of 
1-sorted algebras. 

In this Section we explain the method of verbal operations which we will use for 
the studying of the relation between the automorphic equivalence and geometric 
equivalence in the our variety Q. We use results of the 4 and [5]. 

In this Section the word "algebra" means "universal algebra". Also so on 
in this Section Q will be an arbitrary variety of 1-sorted algebras. As in the 
Section [5] we define the category 0° of the finitely generated free algebras of our 
variety Q. The infinite countable sets of symbols which will be the generators 
of our free algebras we will denote in this Section by X'^. 

Definition 7.1 An automorphism T of a category ^ is inner, if it is isomor- 
phic as a functor to the identity automorphism of the category M.. 

It means that for every A G Oh^ there exists an isomorphism : A — >■ T [A) 
such that for every a G Mor^^ {A, B) the diagram 



A 


T 


T{A) 


4, a 




T{a)i 


B 


'A 


T{B) 
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commutes. The group of the ah automorphisms of the category 0° we denote 
by 2t. The subgroup of the ah inner automorphisms of 6" we denote by 2)- This 
is a normal subgroup of 21: 2) < 21. 

We know from 1 , that if automorphic equivalence of algebras Hi,H2 £ Q 
provided by inner automorphism then Hi and H2 are geometrically equivalent. 
Hear variety Q can by even a variety of many-sorted algebras. So for studying of 
the difference between the automorphic equivalence and geometric equivalence 
of the algebras from Q, we must calculate the quotient group 21/2)- 

In the 1-sorted case there is a reason to define 

Definition 7.2 An automorphism $ of the category Q'^ is called strongly sta- 
ble if it satisfies the conditions: 

Al) $ preserves all objects of , 

A2) there exists a system of bisections {s* : _F — > _F | _F G ObO''} such that $ 
acts on the morphisms a : D ^ F of by this way: 

'^{a) = s%a{siy\ (7.1) 

A3) s% |x= idx, for every free algebra F ^ F (X) e Obe". 

The subgroup of the all strongly stable automorphisms of 0" we denote by 

6. 

We say that the variety Q has IBN propriety if for every F {X) , F (Y) g 
0b9° we have F {X) = F (Y) only if \X\ = \Y\. In this case we have the 
decomposition 

2l = 2)e (7.2) 

so 2t/S2) = &/& n 2). The system of bijections {s% ^ sp : F ^ F \ F e Obe°} 
mentioned in definition of the strongly stable automorphism fulfills these two 
conditions: 

Bl) for every homomorphism a : A B £ MorG*' the mappings s^as^^ and 
Sg^asA are homomorphisms; 

B2) sp \x— idx for every free algebra F E ObO°. 

These bijections uniquely defined by the strongly stable automorphism $, 
because for every F g 0b8° and every / e F we have 

4 (/) = 4« (^) = (4« (4) (^) - (* («)) {^) , (7.3) 

where D = D (x) E ObO" is a 1-generated free algebra and a : D ^ F homo- 
morphism such that a (x) = f. 

On the other side by system of bijections {sp : F F \ F E Ob0°} which 
fulfills conditions Bl) and B2) we can define the strongly stable automorphism 
which preserves all objects of 8" and acts on the morphisms a : D — ^ F of 8° 
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by formula (|7.ip with Sp = sp- By this way we construct an one-to-one and onto 
correspondence between the set of the all strongly stable automorphisms of the 
category 8° and the set of the all systems of bijections which fulfill conditions 
Bl) and B2). 

We denote the signature of the algebras from the variety 8 by J7. The arity 
of the operation co £ Qwe denote by and by we denote F {xi,. . . , x^^ ) g 
Obe°. oj{xi,... ,Xn^) G F^- If we have system of bijections [sp : F F \ F £ 0b8°} 
which fulfills conditions Bl) and B2) then 

Wu, {Xi, . . .,XnJ = SF^ (w {Xi, . . .,Xn^)) G F^ . (7.4) 

We will consider the system of words W = {w^ | w e O}. In every G 8 we 
can define new operations {w* | lo S fl} by using of the system of words W: 

uj* {hi, . . . ,hnj = Wuj {hi, . . . , hn^ ) (7.5) 

for every hi, ... , hn^ G H. We denote by the new algebra which coincide 
as set with H but has other operations: {oj* | w G il} instead {w | w G fl}. The 
system of words W = {w^^ | cj G il} fulfills these two conditions: 

Opl) Wuj {xi, . . . , Xn^ ) G F^ for every w G fi, 

Op2) for every F — F {X) G 0b8° there exists an isomorphism ap '■ F ^ F^ 
such that dp \x— idx 

because the bijections {sp \ F £ 0b8°} will be isomorphisms ap : F ^ F^. 

On the other side if we have a system of words W = {w^j | cj G fi} which 
fulfills conditions Opl) and Op2), then we have that F^ G 8, so the isomor- 
phisms ap : F ^ F^ are uniquely determined by the system of words W. This 
system of isomorphisms {ap : F F^ \ F G 0b8°} is a system of bijections 
which fulfills conditions Bl) and B2) with sp = ap. By this way we construct 
an one-to-one and onto correspondence between the set of the all system of bi- 
jections which fulfills conditions Bl) and B2) and the set of the all system of 
words which fulfills conditions Opl) and 0p2). 

Therefore we can calculate the group & if we can find the all system of words 
which fulfill conditions Opl) and Op2). For calculation of the group 6 n 2) we 
also have a 

Criterion 7.1 The strongly stable automorphism $ of the category 8° which 
corresponds to the system of words W is inner if and only if for every F G ObO*^ 
there exists an isomorphism cp : F ^ F^ such that cpa — aco fulfills for every 
{a: D ^ F) e Mor8°. 

8 Strongly stable automorphisms of the cate- 
gory G^. 

The variety 8 is a variety of 1-sorted universal algebras. If F {M) G 0b8° 
then by Theorem 14.11 \M\ = dim (kerp/ (kerp)^ ) , so variety 8 possesses the 
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IBN property: for free algebras F (Mi) , F (M2) e 9 we have F (Mi) ^ F (M2) 
if and only if |Mi| = IM2I. So we have for our variety 0" the decomposition 
(|7.2p and for calculation of the group 21/2) = (3/S fl 2) we can use the method 
described in the Section [71 

The signature of our variety 6 is il = {0, A (A £ fc) , +, [, ] ,p}, where is 
0-ary operation of the taking 0, A for every A G /c is the 1-nary operation of the 
multiplication by this scalar, p is the 1-nary operation of projection, + is the 
addition and [, ] are the Lie brackets. We must find for the calculation of the 
group & all the system of words 

W = {wo,w\i\ e k) ,w+,W[^],Wp} (8.1) 

which fulfill conditions Opl) and Op2) and after use the Criterion 17.11 for the 
calculation of the group 6 fl 2) . By this way we will prove the 

Theorem 8.1 // Autfc — {idk} then the group 21/2) is a trivial. 

Proof. If {F,p) = F(mi,...,m„) G Obe" then by Theorems O and [U 
(F.p) = TT-^ {F,p) = (L © V,pv), where p = pv, 

L = kerp ^ L (r (mi) , . . . , r (m„)) 

is a free Lie algebra with the free generators r (mi) , . . . , r (m„), 

n 

V = imp = ^ A {r (mi) , . . . ,r (m„))p (m^) 

i=l 

is a free module with the basis {p (mi) , . . . ,p (m„)} over algebra A (r (mi) , . . . ,r (m„)), 
which is a associative algebra with unit generated by the free generators r (mi) , . . . , r (m„). 
Hear we must understand that by formula (14. 2p 

r (m^J . ..r{m.ijv = [r {rrii^) ,[..., [r (m^J ,u]]] , 

where v ^ V , 1 < ii, . . . ,is < s & if s = then Iv = v. So by linearity 
we can understand what means / (r (mi) , . . . , r (m„)) v, for every associative 
polynomial from n variables f € A {xi, . . . , x„). 

We assume that € & corresponds to the system of bijections {s* = sf :F— >F|Fe ObO''} 
and to the system of words (|8.ip and the words of this system correspond to the 
operations from fl by formula (|7.4p with sp^ ~ s'^ . W fulfills conditions Opl) 
and Op2). In particular by condition Op2) all axioms of the variety Q must 
fulfill for operations defined by system of words W. In this proof we have more 
convenient to denote by an other symbols than the symbols of ft the operations 
defined by the words from W according the (|7.5|) . 

Wo = because wq € F (0) and F (0) = {0}. 

We denote by A* the operation defined by the word w\ G F [m) (A G A:), 
where F (m) is a 1-generated object of the category 9°. 

A * m, w\ (m) = ip (A) r (m) + q\ (r {m))p (m) , 
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where </? (A) G k, qx € k[x]. If A ^ then A ^ * (A * m) = m must fulfill. 
A~^ * (A * m) = A~^ * (A) r (m) + qx (r {m))p (m)) = 

(f (A^^) r (</9 (A) r (m) + q'A {r {m))p{m)) + 
9a-i (V (A) r (m) + qx (r (m)) p (m))) p {(p (A) r (m) + qx (r (m)) p (m)) = 
ip{X~'^)ip (A) r (m) + qx-i (<p (A) r (m)) (^a {r (m)) p (m)) . 
On the other side m = r (m) +p{m). So <^ (A""^) <^ (A) = 1 and (p (A) 7^ 0. 

9a-i ((?a (r(m))]3(m)) = s (r {m))p(m), 

where s G k[x]. If degg;y-i = n, degqx = t then degs = n + t, but degs = 
must hold, so n = 0, t = 0. Therefore qx=i^ (A) e fc, 

\*m = Lp {\)r {m) ^ if) {X)p{m) . (8.2) 

For A = it also fulfills with (0) = t/) (0) = 0, because * to = 0. 
/i * (A * m) = (/LtA) * TO must fulfill for every /z, A e fc so 

/i * (A * to) = /i * ((y9 (A) r (to) + (A) p (to)) = 

(/J [ji) r {f (A) r (to) + (A)]3 (to)) + V' {f-i}p{p (A) r (to) + 1/) (A)p (to)) = 
(m) (A) r (to) + (/i) ip (A) p (to) . 

On the other side 

(/xA) *m = if (/iA) r (m) + tjj (/xA) p (to) . 

Hence 

if (/i) (A) = ^ (mA) (A) = 7^ (a^A) . (8.3) 

We denote by _L the operation defined by the word w+ G F (toi, TO2), where 
F(toi,TO2) is a 2-generated object of the category G*^. 

mi ±1712= I {r {mi) ,r{m2))+qi (r {mi) ,r {m2)) p {mi)+q2 (r (toi) ,r (to2))p (TO2) , 
where I G L {xi, X2), 91, 92 G A (xi, 2:2). Wc can write 

I (r (toi) , r (TO2)) = air {mi) + a2r (TO2) + I (r (toi) , r (TO2)) , 
where / e (a;i,a;2), ai,a2 G fc. And 

9i {r (mi) , r (TO2)) p (to,) = (r (toi) , r (TO2)) p (to^) + /S^p (to^) , 

where 5i is a polynomial from A {xi , X2) such that all its monomials have entries 

of Xi or X2, /3j G fc, 2 = 1, 2. 

TOi _L = TOi must fulfill. TOi = r (toi) +p (toi). But 

TOi ± = air (toi) + qi (r (toi) ,0)p(toi) + p-^p{mi) . 
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Therefore ai = = 1. From _L m2 = m2 we eonclude that 0:2 = = 1- 
In F (m) the (A + /x) * to = (A * m) _L (/i * m) must fulfill for every n,X € k. 

{X + fj.) * m = {X + fj.)r (m) + V' (A + /i) p (to) . 

Also we have that 

(A * to) ± {iJL*m) = r {X * m) + r {n * m) + I {r {X * m) ,r {fi * to)) + 

qi (r (A * to) ,r {p* m)) p (A * m) + p (A * to) + 
§2 (A * to) ,r * to)) p{p. * to) + p (/i * to) . 
r (A * to) — r {if (A) r (to,) + (A) p (to)) = (A) r (to) , 
p (A * to) = p ((/3 (A) r (to) + tp (A) p (to)) = tp W P ('^i) • 

So 

(A * to) _L (/Lt * m) = (A) r (m) + (f{n)r (to) + Z ((^ (A) r (to) ,ip{fi)r (m)) + 

§1 (</? (A) r (to) , (;u) r{m))ip (A) p (m) + V (A) p (to) + 
q2 (</9 (A) r{m),ip (fi) r (m)) {ii)p{m) + ■^i' {ii)p{m) . 

Hence 

(A + Ai) = (A) + (^) , (A + m) = V (A) + ^ (m) . (8.4) 
Therefore (^jV' are homomorphisms k ^ k. 

^(1)=^(1) = 1, (8.5) 

because 1 * to = to, so ker = ker = and Im tp = Im = k. Hence Im tp, Im ■i/' 
are infinite sets. 

A * (toi _L TO2) = (A * TOi) ± (A * TO2) must fulfill for every X G k. 

X * (toi _L TO2) = f (A) (r (toi) + r (TO2) + T{r (toi) , r (m2)) j + 

V'(A) (5i (r(mi) ,r (to2))p(toi) +p(toi))+ (8.6) 
■t/j (A) (§2 (r- (toi) , r (TO2)) p (m2) + p (TO2)) . 
(A * Toi) _L (A * TO2) = r (A * toi) + r (A * TO2) + Z (r (A * toi) , r (A * TO2)) + 
5i (r (A * TOi) , r (A * TO2))p (A * toi) +p (A * toi) + 
§2 (r" (A * Toi) ,r (A * TO2))p(A * TO2) +p(A * TO2) = 
if (A) r (toi) + ip{X)r (TO2) + / {ip (A) r (toi) , <^ (A) r (TO2)) + 
qi {ip (A) r (toi) , </? (A) r (tos)) ^ (A) p (toi) + V (A) p (toi) + (8.7) 
q2 (</? (A) r (toi) , </9 (A) r (TO2)) V (A) p (TO2) + ■^i' (A) p (TO2) . 
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We decompose I, qi and q2 to the homogeneous components according the de- 
grees (sum of degrees of variables xi and X2) of monomials: I = I2 + ■ ■ ■ + Ing, 
5i = 91.1 + . . . + qi,nn no = degl, rii = deg^i, i = 1, 2. We have by comparison 
of dHU) and that ip (A) Ij = {ip (A))^ Ij for 2 < j < uq and V (A) = 

■)/' (A) (</3 (A))"* gi J- for 1 < j < rii, i — 1,2. We denote n = max {riQ, rii, 712}. 
We take n = f (A) e Im(^ \ {0} such that Lp {\y ^ 1 for every j = 1, . . . ,ri. 
ij] (A) ^ 0, so Ij = 0, Qi.j = 0, hence / = 0, qi ~ $2 — and 

mi ± 7712 = r [mi) + r (70,2) +P ("ii) +_p (7712) = Tn-i + 7n,2- (8.8) 

We denote by the system of words which fulfills conditions Opl) 

and Op2) and corresponds to the automorphism By wf {m) (A G k) 

we denote the word from VF* which corresponds to the operation of the 
multiplication by the scalar A. We denote by A * the operation defined by word 

wl'' {m). By (113), (ESI), dHU) and (gH) wf'' {m) ^ p {\) r {m) + a (X) p {m) , 
where a are monomorphisms of the field k. By (j8.8p for ?«+ we have only one 
possibility for every system of words which fulfills conditions Opl) and Op2): 

W+ (7711, 7712) = 7771 + ^7l2- 

By |s* I we denote the systems of bijections corresponding to automor- 
phism ^P"^. = \]/v[/-i — where / is the identical automorphism . 
By consideration of the formula (|7.ip we can conclude that to the automor- 
phism ^^^vj/ corresponds the systems of bijections |s* ^s* | F G ObG*^!. On 
the other side to the automorphism / corresponds the systems of bijections 
[idp I F e ObO''}. So, we have 

■s|(m)s|(m) (Am) = si^(„) (A77i) = A771 = Ar (777) + \p (777) . 
On the other side, by using of the formula (|7.4p . 

^^^^^(m) (A?77) = s|(,l) {p (A) r{m)+%lj (A) p (771)) = 

p{X) * r (m) + ijj {X) * p{m) = 

(p(y5 (A) 7-r (771.) CTiy9 {X)pr (m)) + [pijj (A) rp (m) + aip {X)pp (m)) = 

= p(p (A) r (777) + aip (A) p (m) . 

Therefore pp = aip = idk- Analogously pp = i]j<t — idk- Therefore p^ip £ Autfc. 

Now we consider the case when Autfc = {idk}- We denote by x the operation 
defined by the word W[ j G F {mi, 777,2). 

TTll X 7772 = 

u (r (777i) , r (7772)) -I- h [r (mi) , r (771.2)) P (mi) + ^2 {r (mi) , r (7772)) p (7772) , 
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where u £ L [xi, X2), ^1,^2 G ^ {xi^ X2)- (Ami) x ^2 = A (mi x m2) must fulfill 
for every A £ fc. 

A (mi X m2) = \u (r (mi) , r (m2)) + Aii (r (mi) , r (m2))p (mi) + 

A<2(r(mi),r(m2))p(m2). (8.9) 

(Ami) X 1712 = u (Ar (mi) , r {1712)) + ti (Ar (mi) , r [1112)) \p (mi) + 

<2(Ar(mi),r(m2))p(m2). (8.10) 

We decompose w = uq + ui + . . . + Us„ , ti = tix) + <i,i + . . . + ti^si , * = li 2 by 
homogeneous components according the degree of xi. By comparison of (|8.9p 
and (IS.lOp we have that Xuj — X-'uj for < j < sq, Xtij — \-'~^^tij, for < j < 
si, Af2.j = A-'t2j, for < j < S2- We denote s = max {so, si, S2}. We take A 
such that A"* 7^ A for j = 0, 2, . . . , s + 1 and conclude that u — ui, ti — ti o, 

t2 = ^2,1- 

Also mi X (Am,2) = A (mi x m2) must fulfill for every X £ k. 

mi X (Am2) = ui (r (mi) , Ar (m2)) + ii,o [r (mi) , Ar (m2))p (mi) + 

i2a(r(mi),Ar(m2))Ap(m2). (8.11) 

Now we decompose ui = wi,o + uia + - ■ ■ + ui,s3, <i,o = ^i,o,o + ii,oa + - • - + ^1,0,34, 
^2,1 — ^2,1,0 + ^2,1,1 + . . . + ^2,1,35, by homogeneous components according the 
degree of X2 ■ And by comparison of (|8.9p and (|8.1ip as above we conclude that 
u = ui = Mi,i, ti = ii,o = ii,o,ii *2 = ^24 = t2.i,o- Therefore by (|4.2p 



mi X m2 = a [r (mi) , r (m2)] + /3 [r (m2) ,p (mi)] + 7 [r (mi) ,p (m2)] , 

where a, /3, 7 G /c. 

mi X m2 = — m2 x mi must fulfill. 

m2 X mi = a [r (m2) ,r (mi)] + /3[r (mi) ,p (m2)] + 7 [r (m2) ,p{mi)] = 

-a [r (mi) ,r (m2)] + 7 [r (m2) ,p(mi)] + /3 [r (mi) ,p(m2)] . 
Therefore 7 = — /? and 

mi X m2 = a [r (mi) ,r (m2)] + /3 [r (m2) ,p (mi)] - /3 [r (m,i) ,p (m2)] . 

In the case 1 we assume that /? 7^ 0. 
The Jacobi identity 

J (mi, m2, 7713) = (mi x m2) x + (m2 x m,3) x mi + (ma x mi) x m2 = 

(8.12) 

must fulfill in F (mi, m2, m^). 

(mi X m2) X ma = 
(a [r (mi) ,r (m2)] + l3 [r (1712) ,p(mi)] - /3 [r (m,i) ,p(m2)]) x ma = 



24 



a [a [r (toi) , r (7712)] , r (7713)] + 
/3 [r [1713) , 13 [r (TO2) ,p (mi)] - /3 [r (mi) ,p{m2)]] - 
l3[a [r (mi) ,r(m2)] ,p(m3)] = 
[[r (mi) ,r (m2)] ,r (ms)] + [r (ma) , [r (1712) ,_p(mi)]] - 
[r (ma) , [r (mi) ,p(m2)]] - /3a [[r (mi) ,r (m2)] ,p(m3)] . 
F [mi, 1122,1713) = L{r (mi) , r (m2) , r (ms)) © 

^0yl(r(mi),r(m2),r(m3))p(mi)^ , 

3 

so J(mi,m2,m3) = X) "^ii where 

Jo € L (r (mi) , r (m2) , r (ma)) , 

e v4 (r (mi) , r (m2) , r (m3)) p (mi) , 
i = 1, 2, 3 and must fulfill Ji = 0, i = 0, . . . ,3. 

Ji = 13^ [r (ms) , [r (m2) ,p (mi)]] - [r {7112) , [r (1713) ,p (mi)]] - 

f3a [[r (m2) , r (m3)] ,_p (mi)] = 

[r (m3) , [r (m2) ,_p(mi)]] - [r (m2) , [r (m3) ,p(mi)]] - 

l3a [r (m2) , [r (m3) ,p (mi)]] + [r (m3) , [r (m2) ,_p (mi)]] 

by (|4.2p and definition of representation of Lie algebra. So + /?a = must 
fulfill and we have that (3 — —a, a 7^ 0. It is easy to check that /3 = —a enough 
for dSmi). Therefore 

mixm2 = a{[r (mi) ,r (m2)] + [r (mi) ,p{m2)] - [r (m2) ,p (mi)]) = a [mi,m2] 

(8.13) 

by dSD and (g^]). 

In the case 2, if /3 = we have that 

mi X m2 = a [r (mi) , r (m2)] . (8-14) 

If a = 0, then F (mi, m2) x F (mi, m2) = {0}, but [F (mi, m2) , F (mi, m2)] ^ 
{0}. By condition Op2) F (1711,7)72) = (_F (mi, m2))Jy. From this contradiction 
we conclude that hear also a 0. 

We denote by p the operation defined by the word Wp & F (m). 

p (m) — Sr (m) + qp (r (m))p (m) , 

where S ^ k, qp ^ k[x]. p (A * m) = A =1= p (m) must fulfill for every A 6 fc. 

A * p (m) = A^7' (m) + Xqp (r (717)) p (m) . (8.15) 
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p (A * m) = (5r (A * m) + qp (r (A * m)) p (A * m) = (5Ar (m) + qp (Ar (m)) Ap (m) . 

(8.16) 

As above we decompose qp by homogeneous components according the degree 
of X and conclude as above by comparison of (|8.15p and (I8.16|) that deg qp = 
and 

p (m) = Sr (m) + ep (m) 

where e G fc. 

p (p (m)) = p (to) must fulfill in F (m). 

p (p (to)) — Sr (dr (to) + sp (to)) + sp {Sr (to) + ep (to)) = (5^r (m) + e^p (to) . 

Therefore — S, e'^ ^ e. 

If S = e ~ I then p (to) = r (to) +p (to) = to and p ((F (to))^) = {F (to))^ 
but p{F{m)) ^ (F(to)) contrary to F (m) = {F{m))'^. So it is impossible 
that S = e = I. 

If S ^ e = 0, then p (to) = and p((F(to))^) = but p{F{m)) ^ 
contrary to F (m) = (F(to))^. As above we conclude that (5 = e = is 
impossible. 

If (5 = 1, e = 0. Then p (to) = r (to), i.e. p = r. p must be a derivation of 
{F (to))^. In the case 2, by (|8.14l) . we have that 

p (toi X TO2) = r (a [r (toi) , r (TO2)]) = a [r (toi) , r (TO2)] , 

p (toi) X TO2 + TOi X p (to,2) = r (toi) X TO2 + TOi X r (TO2) = 

a [rr (toi) , r (TO2)] + a [r (toi) , rr (TO2)] = 2a [r (toi) , r (TO2)] . 
char (k) = 0, so p is not a derivation. In the case 1, by (|8.13p . we have that 

p (toi X TO2) = r{a ([r (toi) ,r (TO2)] + [r (toi) ,_p(to2)] - [r (TO2) ,p(toi)])) = 

a [r (toi) ,r (TO2)] , 

p (toi) X TO2 + TOl X p (TO2) = r (toi) X TO2 + TOl X T (TO2) = 

a ([r (r (toi)) ,r (TO2)] + [r {r (toi)) ,p(to2)] - [r (TO2) ,_p(r (toi))]) + 

a ([r (toi) ,r (r (TO2))] + [r (toi) ,p(r (TO2))] - [r (r (TO2)) ,p(toi)]) = 

a ([r (toi) ,r (TO2)] + [r (toi) ,p (TO2)]) + a ([r (toi) ,r (TO2)] - [r (TO2) ,p(toi)]) = 

a (2 [r (toi) ,r (TO2)] + [r (toi) ,_p(to2)] - [r (TO2) ,p(toi)]) . 

In this case p also is not a derivation. 

Therefore we have only one possibility: S = 0, e = 1. It means p (to) = p (to), 
i-e., p=p. 

And in the case 2, by (|8.14[) . we have that 

p {F (toi, TO2) X F (toi, TO,2)) = 

but 

p[r (toi),p(to2)] = [r (to,i) ,_p(to2)] ^ 0, 
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so 

p[F{mi,m2) ,F(mi,m2)] ^ 

contrary to F (toi, 1712) = (F (mi, 7712))^. Therefore the case 2 is mipossible. 
Hence 

mixm2 = a{[r (mi) ,r (m2)] + [r (mi) ,p{m2)] - [r (m,2) ,p (mi)]) = a [mi,m2] 
where a ^ 0. 

From this fact, as in end of the subsection 2.5], we conclude that Vl/ G SZj- 
So 6 = 6 n 2) and 21/2) = {!}. ■ 

9 The main theorem. 

Theorem 9.1 // Autfc = {idk} then automorphic equivalence of representa- 
tions of Lie algebras coincides with the geometric equivalence. 

Proof. We assume that Hi = (Li, Vi) , H2 = {L2, V2) G S are automorphicahy 
equivalent. By Theorem 16.11 we have that A^i — F{Hi),N2 = F {H2) are 
automorphicahy equivalent. By [1] Proposition 9] and Theorem 18.11 we can 
conclude from this fact that Ni,N2 are geometrically equivalent. It means that 
CIn^ {F) = CIn^ (F) for every F G ObG". 

We win consider the arbitrary Wi = (L (Xi) ,A{Xi)Yi) G ObS°. There are 
X2 C X°, Y2 C Y° such that Xi C X2, Yi C Y2 and W2 = {L {X2) , A {X2) Y2) G 
S'. By Theorem there exists F G ObO" such that F = F{W2). By 
Proposition 16 . 1 1 we can conclude from CIn^ (F) = CZjVa (F) that CIhi {W2) = 
CIh2 {W2). And by Theorem Owe can conclude that CIhAWi) =^ CIh2 (Wi). 
So Hi and H2 are geometrically equivalent. ■ 
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